This is a rigorous but user-friendly book on the application of stochastic control theory to economics. A distinctive feature of the book is that mathematical concepts are introduced in a language and terminology familiar to graduate students of economics. Although the topics are standard in many mathematics, economics, and finance books, they are illustrated with many real examples documented in the economic literature. Moreover, the book emphasizes the dos and don'ts of stochastic calculus, and cautions the reader that certain results and intuitions cherished by many economists do not extend to stochastic models. A special chapter (Chapter 5) is devoted to exploring various methods of finding a closed-form representation of the value function of a stochastic control problem, which is essential for ascertaining the optimal policy functions. The book also includes many practice exercises for the reader. Notes and suggested readings are provided at the end of each chapter for more references and possible extensions.
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Preface
This is an introduction to stochastic control theory with applications to economics. There are many texts on this mathematical subject; however, most of them are written for students in mathematics or in finance. For those who are interested in the relevance and applications of this powerful mathematical machinery to economics, there must be a thorough and concise resource for learning. This book is designed for that purpose. The mathematical methods are discussed intuitively whenever possible and illustrated with many economic examples. More importantly, the mathematical concepts are introduced in language and terminology familiar to first-year graduate students in economics.
The book is, therefore, at a second-year graduate level. The first part covers the basic elements of stochastic calculus. Chapter 1 is a brief review of probability theory focusing on the mathematical structure of the information set at time t, and the concept of conditional expectations. Many theorems related to conditional expectations are explained intuitively without formal proofs.
Chapter 2 is devoted to the Wiener process with emphasis on its irregularities. The Wiener process is an essential component of modeling shocks in continuous time. We introduce this important concept via three different approaches: as a limit of random walks, as a Markov process with a specific transition probability, and as a formal mathematical definition which enables us to derive and verify variants of the Wiener process. The best way to understand the irregularities of the Wiener process is to examine its sample paths closely. We devote substantial time to the zero sets of the Wiener process and the concept and examples of stopping times. It is the belief of the author that one cannot have a good grasp of the Wiener process without a decent understanding of the zero sets. 
In Chapter 3 we define the stochastic integrals, discuss stochastic differential equation, and examine the celebrated Ito lemma. The Ito integral is defined as the limit of Riemann sums evaluated only at the left endpoint of each subinterval and hence is not a Riemann integral. However, this formulation fits economic reasoning very well, because under uncertainty future events are indeed nonanticipating. It is similar to the discrete-time formulation in which an economic agent makes a decision at the beginning of a time period and then subjects herself to the consequences after the state of nature is revealed. These mathematical tools enable us to study the Black-Scholes option pricing formula and issues related to irreversible investment. To make the presentation self-contained, we include a brief discussion of the heat equation and Euler's homogeneous equation. More importantly, we caution the reader throughout the chapter that some of results and intuitions cherished by economists may no longer be true in stochastic calculus.
The second part of the book is on the stochastic optimization methods and applications. In Chapter 4 we study the Bellman equation of stochastic control problems; a set of sufficient conditions, among them the transversality condition, for verifying the optimal control; and the conditions for the existence and differentiability of the value function. We guide the reader through a step-by-step argument that leads to the Bellman equation. We apply this solution method to many well-known examples, such as Merton's consumption and portfolio rules, demand for index bonds, exhaustible resources, the adjustment-cost theory of investment, and the demand for life insurance. We also derive the Bellman equation for a certain class of recursive utility functions to broaden the scope of applications to models with variable discount rates. Most of all, we wish to show that setting up the Bellman equation for a stochastic optimization problem in continuous time is as easy as setting up the Lagrange function in a static, constrained optimization problem. We hope applied economists will find this powerful tool readily accessible.
In Chapter 5 we discuss various methods of finding a closed-form representation for the value function of a stochastic control problem. In many economic problems, the functional form of the value function is absolutely essential to ascertain the optimal policy functions. We present the commonly employed methods systematically, from brute force to educated guess. Some of the problems are solved using more than one method so that the reader can compare the method's strengths and weaknesses. We also introduce the inverse optimum methodology that enables
